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Abstract 

The Sukumar theorem about the connection between the Green functions of the 
supersymmetric pair of the Schrodinger Hamiltonians is generahzed to the case of 
the supersymmetric pair of the Dirac Hamiltonians. 
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1 Introduction 



In resent times a growing interest to applications of supersjTumetric quantum 
mechanics [1] in different fields of theoretical and mathematical physics is 
noticed [2]l3ll4f5|6] . Recently a special issue of J. Phys. A 34 was devoted to 
research work in supersymmetric quantum mechanics. 

It is well known that supersymmetric quantum mechanics is basically equiv- 
alent to the Darboux [7] transformation and the factorization properties of 
the Schrodinger equation [3Pf8] . The Darboux transformation method for 
the one-dimensional stationary Dirac equation is equivalent to the underly- 
ing quadratic supersymmetry and the factorization properties of the Dirac 
equation PfTO] . 

Though this method is widely used for the Schrodinger equation (see e. g. 
pniT2] ). its application to the Dirac equation is studied much less p^l4lll5j . 



^ Email adress: ekatpozdeeva@maiLru (E. Pozdeeva). 

^ supported in part by the "Dynasty" Fund and Moscow International Center of 
Fundamental Physics. 



Preprint submitted to Elsevier 



1 February 2008 



In the present paper we generalize the Sukumar theorem [TT] about the connec- 
tion between the Green functions of supersymmetric pair of the Schrodinger 
Hamiltonians to the case of the Dirac Hamiltonians. 



CV. Sukumar have proved in [IT] the following relation: 



? 1 

J [Gi{x,x,E) - Go{x,x,E)]dx= ^ _ ^ , (1) 

where Gi, Gq are the Green functions of supersymmetric pair of the Schro- 
dinger Hamiltonians 



Ho = -^,+Voix), H, = LHoL^\ ^ = Tx'T 
f = 'iljo{x), Hoipo = Etpo, (3) 

with the boundary conditions ipn{ci) = i^nib) = 

Holl^n = Enlpn- (4) 

Above ■00 is the eigenfunction of initial {Hq) problem without nodes. 

We would like to stress that the construction of the Darboux transformed of 
the Schrodinger Hamiltonian needs only one transformation function / such 
that H^f = Ef. The construction of the Darboux transformation of the Dirac 
problem needs two spinor functions /i, /2 such that 

ffo/l = Al/l, i/o/2 = A2/2, Xiy^X2. (5) 

Thus, four scalar functions are involved in the problem that made this problem 
much more complicate. Another complication arises from the fact that "po- 
tential" of the Dirac problem is a matrix function. It is unclear is it possible 
to establish some relation between the Green functions of the initial and the 
transformed Hamiltonians. But for the potential of especial matrix structure 
that described below this is possible. Below we consider this case. 

The structure of the present paper is the following. In Section 2 we give a new 
derivation of the Sukumar theorem for the Schrodinger case, different from 
original. In Section 3 we generalize this theorem for the Dirac problem with 
especial choice of matrix structure of interaction Hamiltonian. In Section 4 we 
discuss the obtained results. 



2 



2 Sukumcir theorem 



In this Section we give the new derivation of Sukumar theorem for the Schro- 
dinger case because applied in this derivation technique is more easily trans- 
ferred to the Dirac case. The Sukumar problem is formulated as follows. 

Let we have some initial Hamiltonian 



^o = -^ + W, (6) 
where Vo{x) is such that the set of eigenfunctions of the Hq 



Hoi)ri = Enlpn (7) 

contains subset of this functions such that ■0n(<3^) — i^nib) — 0, where a, b, 
{a < b) are some points on the real axis. 

This subset of eigenf unction forms a complete system in the subspace {X} of 
all functions (f){x) such that (f){a) = (f){b) ~ 0. Last means that all (t){x) from 
this subspace can be presented in the form: 



(l>{x) =J2'^niJnix). (8) 



Let us introduce the pair of the solutions of equation 



ifo0i,2(^,a^) = ^01,2(^,2:) (9) 

such that (j)i{E, b) = 0, 02 a) = 0. They does not belongs to the subspace 
{X}. Nevertheless the following construction 



_ E)(P2{y, E)e{x -y) + <j)2{x, E)My, E)Q{y - x) 
^yx,y,^) — , uuj 

W^4)i{x,E)4)'^{x,E) - (l)2{x,E)(t)[{x,E) ^const{E) (11) 
obeys the inhomogeneous equation 

{H^-E)G{x,y,E)^5{x-y) (12) 
and boundary conditions 
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G{b,y,E) = 0, Go{x,a,E) = 0, x,y E {a,b). 



(13) 



Thus, ( ITOl) represent the Green function of the Hamihonian Hq in the subspace 
{X}. Let us perform the Darboux transformation 

^P^L^|J = lP = ^'-^^|J, (14) 
Ho^H, = LHoL~\ f = ^o (15) 
and construct the Green function of the transformed Hamihonian 



G{x,y,E) = — , (16) 

W = 4>i{x,E)4)'2{x,E) - 4>2{x,E)4>\{x,E) = const{E). (17) 

It is simple to prove that W = {E — X)W. 

The Sukumar theorem states 



1 

[G{x,x,E) -G{x,x,E)]dx = - -. (18) 

E — X 

a 

Let us prove this theorem in the manner different from one apphed in the 
paper [TT]. It is evident that 



Using the definition f[T^ we can rewrite 



4>,(x)Mx)^Fi{x)-^F^{x), (20) 

E,{x) = J^E^ix), F^ix) = f{x)<P',{x) - /'(x)02(x). (21) 

Taking into account that functions / and 02 are the eigenfunctions of the 
initial Hamiltonian Hq it is easy to prove that 



- = {E- X)M2 = {E- X)WGo{x, x, E). (22) 
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From this observation it is followed that 



G{x, X, E) = Go(x, X, E) + (23) 
Thus, the following expression is correct: 



? ~ 1 

j^[G{x,x,E)-G{x,x,E)]dx= [Fi (6) - F, (a)] . (24) 

By the definition ([21]) 



Fi{x) = J^F,{x) = M^mi^) - J^M^) (25) 
= 0i(x)02(x) = Mx)Mx) + W. (26) 



From this consideration and the boundary properties of the 01,2(3;) it is fol- 
lowed that 



Fi{b)~F{a) = W (27) 

and 



1 

[G{x,x,E) -G{x,x,E)]dx = - (2J 

E — X 

a 

what is just the Sukumar theorem. 



3 Dirac problem 



In some cases the one- dimensional four component Dirac equation admit the 
two component representation 

hoij{x)=E^{x), i/j'^ix) = [iJi{x),ij2{x)], (29) 
ho = i(T2d.^ + (T3(m + S{x)) + (TiU{x) + V{x) (30) 

where cxi 2 3 are the Pauli matrices. 
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We don't discuss here the physical situation that can be described by this 
equation. We would like only to note that even this oversimplified problem is 
not simple for the consideration. 

The one problem is the generalization of the one-component Schrodinger 
problem with the boundary conditions to the two-component Dirac prob- 
lem with the boundary conditions is following: we can put the conditions 
ilj{a) = il){h) = only on one component 11)1^2 of spinor satisfying the Dirac 
equation. 

The another problem is the following: the spinor functions obtained after the 
Darboux transformation as a rule do not satisfy the same boundary conditions 
as the initial spinors functions. 

The full consideration of this problems will be present later. Here we only 
would like to note that the case S{x) = V{x) = admit analytical solution 
problem of the connection between Green functions of the initial and the 
Darboux transformed problem (supersymmetric partners) problem. 

So we look like for the solution of the Dirac equation 

hoij = Eij, ij = {ij,,^2f (31) 
ho = ia2dx + mcTs + Uai (32) 

with boundary conditions. This conditions can be of two types 

(i) V^i(a)=V^i(6) = 0, (33) 
(n) V^2(a)=^2(fo) = 0. (34) 

Let us rewrite the Dirac equation in the component form: 

02 + U(l)2 = {E- m)(f)i (35) 
+ f/0i = (£; + m)02. (36) 

It is essential for the following that in the case fl55]) among others solutions of 
the Dirac equation there exist especial solution of the form: 



(f)i{x)=0, (f)2{x) = exp{— I U{x')dx'), E = —m (37) 
and in the case 



02(a;)=O, (f)i{x) = exp{ U{x')dx'), E = m. (3J 
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First of all, consider the Dirac equation with the boundary conditions (133|) . 
This condition chooses among all solutions of eigenvalue problem (I3T1) the 
subset of solutions with discrete spectrum 



/io^^"^ = E^^^^\ ij^;'\a) = ij^'\b) = 0. (39) 
The solution hov = —mv belongs to this subset. 

Let us call u the solution of system of equations fl35p and fl36p with the such 
eigenvalue E that is one of the neighboring on i? = —m. Thus, we have two 
possibilities E > —m and E < —m. Denote the eigenvalue of chosen solution 
by A hou = Xu. 

Let us construct the Darboux transformation of the form: 



L = dx — UxU ^, Ux = dxU, u 



(40) 



Vi Ui 

X 

vi = 0, V2 = exp{— J U{x')dx') (41) 

and apply it to any solution of the equation 031 p -0 = Lil). 
Then with the help of a simple algebra it is easy to obtain 



-01 = 5x^1 - y -01, f = ui, (42) 
^2 = (^-A)^i. (43) 

Let us denote ■ip^^\ ip^^^ the solution of the initial equation fl^ that obey the 
following boundary conditions: 



^(^na) = 0, 7/;(«)(6)=0. (44) 
Then from fj42|) . (H3l) it is easy obtained that 



iP^^\a) = 0, 7/;(«)(6)=0. (45) 

Let us construct the Green functions of the initial {Hq) and the transformed 
Hamiltonians {hi = Lh^L'^). These functions can be expressed in the terms 
^(L)^ ^{R) (^^^^ ^^^^ (for hi) respectively 
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Crol^a;, ^^^^ , (4bj 

W = ^!^^ (x) - (a;) {x) = const{E) (47) 

and similarly, 

^i{x,y,t,)^ , (48j 

W^^^^\x)^^^\x) - i'[^\x)i^i^\y) ^{E- \){E + m)W. (49) 
Let us introduce the quantities 



Let us express the numerator of the /i(x, i?) in terms of functions -0^^^ ■^^^^ 
(x)^i^^ (x) + (x)7/5f ) (x) = A + S (52) 

5= (£;- A)VrVr^- (54) 
Using the similar trick as above (see Section 2) one can obtain 



A=F;-^F^, (55) 

i^ = #\^;(^)-^z^P)), (56) 

i^2 = /rf''^-/Vi''^). (57) 

Using the Dirac equations in order to exclude derivatives ■^'^'^^ and /' from 
expression for F2 and once more for excluding derivatives from expression for 
F2 after simple but rather cumbersome calculations one can obtain 



-^F^ = (^^-A^)#Vi^^ (58) 
As a results we have 
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A + 5 = F{ + 2E(E- A)#Vr^- (59) 
Let us now to consider the difference 

A/ = /i - /o = trGi{x,x,E) - trGo{x,x,E). (60) 
With usage of eq. (150|1 , (15T!) we have 



F[ (E - m)^M''^ - (E + m)4^Vf ^ 

(E- A)(£^ + m)W^ (S + m)iy ' ^ ' 

Again by the usage of the Dirac equation for it is easily to obtain 



{E - m)7/'f -{E + m)#Vf ^ = (^Vf^)' = ^^3- (62) 
Taking into account identity 

psif^^i)f^ = ^PVf ^ + W (63) 
and boundary conditions 

^[^\a) = ij[^\b) = (64) 
it is easy to see that 

b 

J F^dx = W. (65) 

a 

Let us briefly discuss the quantity 

F,{x)=4'^\^r^ - ^V^S^)) ^ (66) 
It can be rewritten in the form: 

F, (x) = # v;^''^ - vf'^^ + , (67) 

that after excluding of derivatives from the last expression with the help of 
the Dirac equation can be presented in the form: 
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Fi{x) = {E + m)W + i/ji^m^l (68) 
Taking into account this observation it easily to obtain 

6 

jF[ = {E + m)W. (69) 

a 

Combining this result with the eq. (!65i) . we obtain the final result: 



? 1 1 

/ [trGi{x, X, E) - trGQ{x, x, E)]dx = — + — . (70) 

J E — A E -\- m 



In the case (EH) the similar calculations lead to the result: 



f 1 1 

/ [trGi{x, X, E) - trGoix, x, E)]dx = + . (71) 

J E — A E — m 

a 

This is the generalization of the Sukumar theorem for the Dirac case. 



4 Discussion 



It is well known that the Green function of any Hamiltonian can be represented 
in the form: 



G(.,y,E)^^J^^P^, (72) 



tr('0„(a;)'0„ (a;))rfx = 1 (73) 
(the spectral representation). In the integral 

/ = y trG{x, X, E)dx ^ ±oo 
, then 
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and the Sukumar and our results are trivial since they reflect well known 
observation that Darboux transformation delete from the spectrum of the 
initial Hamiltonian the terms, corresponding to the states, that used for the 
construction of the transformation matrix u. 

In the case when 
|/| = ±00 

this result is not trivial as it is seen from the results of the calculation of 

J {Gi{x, X, E) — Go{x, X, E))dx 
—00 

for some especial choices of the transformation function / ( "Schrodinger case" ) 
or transformation matrix u ( "Dirac case" ) . 

In the both considered cases the difference 
00 

j tr{Gi{x, X, E) — Go(x, x, E))dx 
—00 

contains beside terms {E—\)~^ ( "Schrodinger case" ) or {E — \i)~^ + {E—\2)~^ 
("Dirac case") also the effects of "nonequahty" of two initial normalization 
constant of the initial and the transformed problem. 
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